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ABSTRACT We study free vibration of a thickness-shear mode crystal resonator of AT-cut quartz.
The resonator is a rectangular plate partially and symmetrically electroded at the center with
rectangular electrodes. A single-mode, three-dimensional equation governing the thickness-shear
displacement is used. A Fourier series solution is obtained. Numerical results calculated from the
series show that there exist trapped thickness-shear modes whose vibration is mainly under the
electrodes and decays rapidly outside the electrodes. The eﬀects of the electrode size and thickness
on the trapped modes are examined.

KEY WORDS crystal, wave, vibration, plate, three-dimensional eﬀect

I. INTRODUCTION
Piezoelectric crystals are widely used to make acoustic wave resonators as a frequency standard
for time-keeping, frequency generation and operation, telecommunication, and sensing. Quartz is the
most widely used crystal for resonators. A large portion of quartz resonators operate with the so-called
thickness-shear (TSh) modes of a plate[1, 2] . Theoretically, pure TSh modes can only exist in unbounded
plates without edge eﬀects, and the plates have to be either completely unelectroded or totally electroded.
When a plate is vibrating in TSh modes, motions of the material particles of the plate are parallel
to the plate surfaces. The velocities of the particles of the plate vary along the plate thickness only,
without in-plane variations. TSh modes are the ideal operating modes of crystal resonators and many
other acoustic wave devices.
In real devices, however, ﬁnite crystal plates are used for which pure TSh modes cannot exist
because of edge eﬀects. In addition, crystal plates partially electroded at the center called trapped
energy resonators are often used to achieve energy trapping with which the TSh vibration is essentially
conﬁned under the electrodes and decays outside the electrodes. Therefore, in real devices, due to the
edges of ﬁnite plates and/or partial electrodes, the actual operating TSh modes in fact have slow inplane variations and are called transversely varying TSh modes[3] . Since resonators are made smaller
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and smaller for miniaturization, edge eﬀects and energy trapping have become more crucial. There is a
growing need for better understanding and more accurate prediction of transversely varying TSh modes
with in-plane variations.
Due to the anisotropy of crystals, analyzing crystal resonators using the three-dimensional (3-D)
theory of elasticity or piezoelectricity presents considerable mathematical challenges. Usually various
approximations need to be made. Two approaches are often used. One is to develop approximate, twodimensional (2-D) plate equations[4–6] to simplify the problems so that theoretical analyses are possible.
The other is to use numerical techniques like the ﬁnite element method. There exist numerous theoretical
results from the 2-D plate equations for TSh modes (see the references in Ref.[7], a review article).
Most of the results in Ref.[7] are for strip resonators with in-plane variation in one direction only. For
rectangular plate resonators with modes varying in both of the in-plane directions, existing theoretical
analyses are relatively few and are based on 2-D plate theories[8–12] . When using plate equations to
analyze partially electroded plates, equations and solutions for the electroded and unelectroded regions
have to be obtained separately and then joined by continuity conditions among the electroded and
unelectroded regions. This is very complicated and sometimes impractical or even impossible.
In this paper we study energy trapping of TSh modes in a partially electroded rectangular quartz
resonator. This problem is fundamental to energy trapping in resonators and is challenging when analyzed
by 2-D plate equations. We propose using the 3-D equations of anisotropic elasticity with Fourier series.
This approach can handle the piecewise boundary conditions associated with the partial electrodes and
the unelectroded areas at the plate top and bottom surfaces eﬀectively in a global manner, without the
need of dividing the plate into electroded and unelectroded regions. Thus the problem can be solved
and computed eﬃciently. This allows us to examine how the resonant frequencies, mode shapes, and
energy trapping are aﬀected by the electrode mass and dimension. These data are important in resonator
design and optimization.

II. GOVERNING EQUATIONS
Consider an AT-cut quartz plate as shown in Fig.1. x2
is the plate normal. x1 and x3 are the in-plane coordinates.
The general 3-D equations of motion and electrostatics for
an AT-cut quartz plate as a piezoelectric crystal in terms of
the displacement vector ui and the electric potential φ can
be found in Ref.[13,14]. These equations are lengthy and are
rarely used in their original form to analyze a problem, and
therefore are not provided here. Quartz is a material with very
weak piezoelectric coupling. For a free vibration frequency Fig. 1 A rectangular plate of rotated Y-cut
analysis, we will neglect the small piezoelectric coupling as quartz with a pair of symmetric, partial elecusual and perform an elastic analysis. Following[15], we also trodes.
neglect the relatively small elastic constants c14 , c24 and c56 . In ﬁnite plate TSh resonators, the operating
TSh mode u1 may be coupled to other undesirable modes. The main coupling is with the plate ﬂexural
mode described by u2 . Therefore we also neglect the less coupled displacement u3 and drop the equation
of motion for u3 accordingly Ref.[15]. With the above common approximations in the analysis of quartz
devices, the remaining displacement equations of motion are
c11 u1,11 + (c12 + c66 )u2,12 + c66 u1,22 + c55 u1,33 = ρü1
(1)
(c66 + c12 )u1,12 + c66 u2,11 + c22 u2,22 + c44 u2,33 = ρü2
and the corresponding constitutive relations for stress components in terms of the displacement gradients
become
T11 = c11 u1,1 + c12 u2,2 ,
T23 = c44 u2,3 ,

T22 = c12 u1,1 + c22 u2,2 ,
T31 = c55 u1,3 ,

T33 = c13 u1,1 + c23 u2,2 + c34 u2,3
T12 = c66 (u1,2 + u2,1 )

(2)

Equations (1) and (2) are essentially the same as Eq.(1.7) of Ref.[15] when the small piezoelectric
coupling is neglected. The only diﬀerence is that Eq.(1)2 has a term related to c44 which was neglected
in Ref.[15] and we keep it here for the sake of entirety of equations until its elimination later. Equation
(1) is for coupled TSh u1 and ﬂexure u2 . The coupling between TSh and ﬂexure in a plate has been
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thoroughly studied and well understood[16–22] . It depends on the plate dimensions and is strong only for
certain aspect ratios (length/thickness) of the plate. For thin plates with a large aspect ratio it is less
likely to happen. For our purpose, it is suﬃcient to assume that the coupling to ﬂexure has been avoided
through proper design of the plate dimensions. Therefore we further neglect the ﬂexural displacement u2
and consider transversely varying TSh modes with one displacement component u1 (x1 , x2 , x3 , t) only.
In this case Eqs.(1) and (2) are reduced to
c11 u1,11 + c66 u1,22 + c55 u1,33 = ρü1

(3)

T11 = c11 u1,1 ,
T23 = 0,

(4)

T22 = c12 u1,1 ,
T31 = c55 u1,3

T33 = c13 u1,1
T12 = c66 u1,2

Equation (3) is the same as Eq.(2) of Ref.[23]. It was also used in Ref.[24]. When a plate is vibrating
in transversely varying TSh modes, u1,2 is the major term. Derivatives with respect to the in-plane
coordinates x1 and x3 are small for slow in-plane variations.
The plate in Fig.1 is partially electroded in the central region. The electrodes at the plate top and
bottom are identical and symmetric. They are assumed to be very thin and only their inertia will be
considered. Their stiﬀness will be neglected. The boundary conditions at the plate top and bottom are

∓2ρ b ü1 (x2 = ±b, |x1 | < a , |x3 | < c )
T21 =
(5)
0
(x2 = ±b, elsewhere)
In the electroded areas, the boundary condition in Eq.(5) represents Newton’s second law applied
to the electrodes. Corresponding to Eq.(3), the traction-free boundary conditions at the plate edges
are[15, 25]
T12 = 0
(x1 = ±a, |x2 | < b, |x3 | < c)
(6)
T31 = 0
(x3 = ±c, |x2 | < b, |x1 | < a)

III. UNELECTRODED PLATE
We consider a special case ﬁrst. Let the plate be unelectroded[24] . In this case a = c = 0. For
resonator applications we are interested in modes antisymmetric in x2 and symmetric in x1 and x3 .
Therefore we try the following ﬁelds[25] :
u1 = A sin

mπx1
nπx3
lπx2
cos
cos
exp(iωt)
2b
2a
2c

(7)

where
l = 1, 3, 5, · · · ,

m = 1, 3, 5, · · · ,

n = 0, 2, 4, · · ·

(8)

m and n assume odd and even integers, respectively as the boundary conditions are eﬀectively u1 = 0
at x1 = ±a and u1,3 = 0 at x3 = ±c, respectively, according to Eqs.(6) and (4). In Ref.[25] there are
three other sets of modes for which at least one dependent on x1 or x3 is odd and therefore those modes
are not of interest. Equation (7) can be obtained by the standard procedure of separation of variables.
It satisﬁes all of the traction-free boundary conditions in Eqs.(5) and (6). Substitution of Eq.(7) into
Eq.(3) determines the resonant frequencies as
 2
 mπ 2
 nπ 2
lπ
2
ρωlmn = c66
+ c11
+ c55
(9)
2b
2a
2c
Equation (9) is the same as Eq.(7.17) of Ref.[24]. It can be further written as
2

 2
2
b
b
c11
c55
ωlmn
2
m
n
=
l
+
+
2
ωs
c66
a
c66
c

(10)


π c66
(11)
2b
ρ
ωs is the resonant frequency of the fundamental TSh mode in an unbounded quartz plate without
electrodes.

where

ωs =
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IV. FULLY ELECTRODED PLATE
Next we consider another special case in which the crystal plate is fully electroded, i.e., a = a and

c = c. We consider the possibility of the following ﬁelds:
nπx3
mπx1
cos
exp(iωt)
(12)
u1 = A sin(ηmn x2 ) cos
2a
2c
Equation (12) satisﬁes the edge conditions in Eq.(6). For Eq.(12) to satisfy Eq.(3), we must have
 mπ 2
 nπ 2
1
2
ρ ω 2 − c11
(13)
=
− c55
ηmn
c66
2a
2c
Quartz resonators are made from thin plates with large a and c (a, c >> b). In this case, for m and
2
n that are not large, ηmn
is positive. We are interested in the ﬁrst few TSh modes with no more than
2
a couple of nodal points along the x1 and x3 directions described by a small m or n. In this case ηmn
is positive. Substitution of Eq.(12) into the plate top and bottom boundary conditions in Eq.(5) gives
cot(ηmn b) =

π2 R ω2
4 ηmn b ωs2

(m = 1, 3, 5, · · · ,

n = 0, 2, 4, · · · )

(14)

where

2ρ b
(15)
ρb
R is the mass ratio between the electrodes and the crystal plate. We look for an approximate solution
to Eq.(14) when the electrodes are thin and R is small. The lowest-order approximation when R = 0
is given by ηmn b = lπ/2 or Eq.(10). For the next order of approximation we write
R=

ηmn b =

lπ
− Δl
2

(l = 1, 3, 5, · · · )

where Δl is small. Substituting Eq.(16) into Eq.(14), for small Δl and small R, we obtain
2

 2
b
b
πR 2 c11
c55
l +
m
n
+
Δl =
2l
c66
a
c66
c
Substitution of Eq.(17) into Eq.(16), with the use of Eq.(13), yields approximately,
2

 2
2
b
b
c11
c55
ωlmn
2
m
n
=
(1
−
2R)
l
+
+
ωs2
c66
a
c66
c

(16)

(17)

(18)

Equation (18) shows that the electrode inertia lowers the frequencies. When R = 0, Eq.(18) is
reduced to Eq.(10).

V. PARTIALLY ELECTRODED PLATE
Now we go back to the general situation of a partially electroded quartz plate. In this case, a single
mode like Eq.(7) or (12) is insuﬃcient and a series representation of the displacement ﬁeld is needed.
5.1. Fourier Series Solution
We construct the following series solution:
u1 =

Amn sin(ηmn x2 ) cos
m,n

nπx3
mπx1
cos
exp(iωt)
2a
2c

(19)

where m = 1, 3, 5, · · · , n = 0, 2, 4, · · · , Amn are undetermined constants, and ηmn is still given by
Eq.(13). Equation (19) satisﬁes Eqs.(3) and (6). To apply the boundary conditions at the plate top and
bottom in Eq.(5), from Eq.(19) we calculate
T21 = c66 u1,2 =

c66 ηmn Amn cos(ηmn x2 ) cos
m,n

nπx3
mπx1
cos
exp (iωt)
2a
2c

(20)
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Substitution of Eqs.(19) and (20) into Eq.(5) gives
c66 ηmn Amn cos(ηmn b) cos
m,n

⎧
⎨ 2ρ b ω 2
=

⎩

nπx3
mπx1
cos
2a
2c

Amn sin(ηmn b) cos
m,n

nπx3
mπx1
cos
2a
2c

0

(|x1 | < a ,

|x3 | < c )

(21)

(elsewhere)

Due to the antisymmetry about x2 = 0, the boundary conditions at x2 = ±b lead to the same equation
as in Eq.(21). We multiply both sides of Eq.(21) by cos[pπx1 /(2a)] cos [qπx3 /(2c)] with p = 1, 3, 5, · · ·
and q = 0, 2, 4, · · · , and integrate the resulting expression over the area of |x1 | < a, |x3 | < c to obtain
 c
 a
pπx1
qπx3
dx1
dx3
cos2
cos2
c66 ηmn Amn cos(ηmn b)
2a
2c
−a
−c
= 2ρ b ω 2

Amn sin(ηmn b)Cmp Dnq

(m, p = 1, 3, 5 · · · ,

n, q = 0, 2, 4, · · · )

(22)

m,n

where we have denoted


Dnq

a

pπx1
mπx1
cos
dx1 = Cpm
2a
2a
 c
nπx3
qπx3
=
cos
cos
dx3 = Dqn
2c
2c
−c

Cmp =

cos

−a


(m, p = 1, 3, 5, · · · )
(23)
(n, q = 0, 2, 4, · · · )

Equation (23) is a system of linear homogeneous equations for Amn . For nontrivial solutions the
determinant of the coeﬃcient matrix has to vanish, which determines the resonant frequencies together
with Eq.(13). The nontrivial solutions of Amn determine the corresponding modes. This is a complicated
eigenvalue problem since the eigenvalue or the resonant frequency is present in every ηmn .
5.2. Numerical Results
We introduce
ω̄s = ωs (1 − R)

(24)

ω̄s is the resonant frequency of the fundamental TSh mode in an unbounded, fully electroded quartz
plate. The resonant frequencies of the modes we are interested in are within ω̄s < ω < ωs .
Consider a resonator with 2a = 12.5 mm, 2a = 7.5 mm, 2c = 10 mm, 2c = 5 mm and 2b = 0.25
mm. The mass ratio R = 3%. Five frequencies, ω1 = 4.049652 × 107 rad/s, ω2 = 4.0725961 × 107
rad/s, ω3 = 4.113085 × 107 rad/s, ω4 = 4.134699 × 107 rad/s and ω5 = 4.154118 × 107 rad/s, are found
in ω̄s < ω < ωs . When using eight terms in the series for both of the x1 and x3 directions, the ﬁve
frequencies are the same as those obtained using nine terms in both of the x1 and x3 directions within
six signiﬁcant ﬁgures. Therefore eight terms are used in each direction for the numerical results below.
The total number of terms in the series is sixty-four.
Figure 2 shows the ﬁve modes in the order of increasing frequency. For all of them the vibration is
large in the central region and small near the plate edges. In other words the vibration is mainly under
the electrodes and decays outside them. This is the so-called energy trapping by electrodes. Energy
trapping is crucial to device mounting. For trapped modes, mounting can be done near the plate edges
without aﬀecting the vibration of the plate. In the ﬁrst mode, the whole plate is vibrating in phase. In
the second mode and the third mode, there is a nodal line. In such a case the charges on an electrode
produced by the shear strain tend to cancel each other and thus reduce the capacitance of the resonator.
This may be undesirable or desirable depending on the speciﬁc application. For higher order modes
there are more nodal lines.
Figure 3 shows the eﬀect of the electrode dimension on energy trapping in both of the x1 and x3
directions. Numerical results show that smaller electrodes are associated with fewer trapped modes
with higher frequencies. It can be seen in Fig.3 that in general the vibration distribution follows the
electrodes. For smaller electrodes the vibration is more trapped near the center. The behaviors of the
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Fig. 2. Five frequencies of trapped modes with 2a=12.5 mm, 2a =7.5 mm, 2c=10 mm, 2c =5 mm, and 2b=0.25 mm.

modes near the edges are diﬀerent in the x1 and x3 directions. According to the boundary conditions,
at x1 = ±a we have u1 = 0 and at x3 = ±c we have u1,3 = 0. Therefore in Fig.3(a) we have vanishing
u1 at the edges while in Fig.3(b) the modes are essentially ﬂat near the edges. In Fig.3(a), for the
case of large electrodes, the mode has no nodal points (zeros). For the two cases of small and medium
electrodes, the modes have nodal points. For small electrodes the nodal points are outside the electrodes
and thus will not cause charge cancellation on the electrodes. For medium electrodes the nodal points
are within the electrodes and are near the electrode edges, which causes small charge cancellations. In
Fig.3 (b), the modes corresponding to large electrodes have nodal points under the electrodes which
are near the electrode edges. The case of medium electrodes has nodal points outside the electrodes.
For the case of small electrodes represented by the solid line in Fig.3(b), both u1,3 and u1 are small
near the edges which is ideal.
Figure 4 shows the eﬀect of the mass ratio R on the ﬁrst mode. Again the behaviors in the x1
and x3 directions are diﬀerent. The frequency of the ﬁrst mode decreases as R increases, as expected.
Numerical results show that larger values of R increase the number of trapped modes. In general for
larger values of R the mode is pushed further toward the center with better energy trapping. However,
as the mode is pushed toward the center, nodal points tend to appear which cause charge cancellation
on the electrodes unless the electrodes are shortened accordingly. Since both energy trapping and charge
cancellation aﬀect the motional capacitance of the resonator, how to maximize the capacitance requires
careful design with the necessity of considering both the electrode size and thickness, as well as diﬀerent
behaviors along x1 and x3 .
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Fig. 3. Eﬀect of electrode size on the ﬁrst energy trapping mode with R=3%. (2a =5 mm, 2c =3 mm: 2 trapped modes
with ω1 = 4.070822 × 107 rad/s; 2a = 7.5 mm, 2c = 5 mm: 5 trapped modes with ω1 = 4.049652 × 107 rad/s; 2a = 10
mm, 2c = 7 mm: 7 trapped modes with ω1 = 4.023059 × 107 rad/s).

Fig. 4. Eﬀect of electrode thickness on energy trapping. (2a =7.5 mm, 2c =5 mm. R=1%: 2 trapped modes with ω1 =
4.130107 × 107 rad/s; R = 3%: 5 trapped modes with ω1 = 4.049652 × 107 rad/s; R = 5%: 7 trapped modes with
ω1 = 3.966399 × 107 rad/s).

VI. CONCLUSION
The simpliﬁed equation for u1 only and the Fourier series solution obtained are able to show some
basic behaviors of a partially electroded quartz plate TSh resonator. Partial electrodes at the central
portion of a plate can produce energy trapping of TSh modes. The trapped modes are sensitive to
the electrode inertia and dimensions. Typically there exist a few trapped modes near the fundamental
TSh frequency. Larger and thicker electrodes lower the resonant frequencies and trap more modes.
The behaviors of energy trapping in the x1 and x3 directions are diﬀerent due to the diﬀerence in the
corresponding boundary conditions. Varying the electrode dimension or thickness can also aﬀect the
existence and the locations of the nodal points of the ﬁrst mode which may lead to charge cancellation
on the electrodes and aﬀect the capacitance of the resonator. The method presented with focus on
the thickness-shear mode can also be applied to the same modes in other materials for acoustic wave
resonators.
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